For suppose thatg(p) = i. Thenf(p,7) = o, and foranyj < §,f(p.j) * o. Hint: Let a and b be two objects that are not natural numbers, and

Since 4 represents f in Q, we have consider the following successor, addition, and multiplication tables:
ko (P, i,0), and (if i > o), ()
ko —A(p,o, o), (?) s | o« | 5 i e b | | o jeo a b
ko —A(p,i-1,0). (i-1) il i |t b a T
(0)y ..+ (i = 1), and 14. 11 entail that a a a e b a flito| o ij a b
ko Yo(w<i— —A(p,w,0)), (i+1) b b b b b a a ) b b b
b o a a a

which, together with (7), entails that &, B(p, i).

We must show that b Vo, 1(B(P, %,41) => %41 = i). Assume B(p, X,,1),
i.c., A(P) ¥y, 1r 0) & Ve0(w < 2,4y > — A(P, w, 0)). From (7) and

Yo w< x, 1+ — AP, w, 0)), we have —i<x,,;.

From A(p, *,.,1,0) and (i + 1), we have —x,,, < i. Thus by 14.13 we have
Xyt = i. S0 |'(.l V""‘n H(B(P' *a l) Xy = i)'
Exercises

14.1 Verify the following assertion: all recursive functions are repre-
sentable in the theory (‘R’) whose language is L and whose theorems are
the consequences in L of the following infinitely many sentences:

i+ j foralli,jsuch thati =+ j;
i+j=k forallj, ksuchthati+j=k;
irj=k forallij,ksuch thati-j = k;
Va(v<i—»>x=0v..ve=i-1)foralli

and Va(x<iva =ivi<y), forall @,

t4.2 Show that none of the following sentences are theorems of Q:

\((}), Yao & o,

(b) VeVyVzx+(y+3z) = (x+y)+5

(¢) VxVyx+y =y+x,

(d) VYxo+x = x,

(€)) Yaxn<a,

(f) VaVy—(x<ydy<y)

(g) VaeVyVsae(yes) = (x"3)3,

(h) VYxVyxey=y°x,

(/) Yaxorx=o,

(j) VYaVyVsae(y+s)=x-y+x°s.






